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Abstract
We investigate the black holes in the new massive conformal gravity which is not
invariant under conformal transformations because of the presence of the Einstein-
Hilbert term. First, we show that the small Schwarzschild black hole is unstable
against the s-mode of linearized Ricci tensor by solving the Lichnerowicz-Ricci tensor
equation. This instability induces the appearance of the non-BBMB (Bocharova-
Bronnikov-Melnikov-Bekenstein) black hole that has both Ricci tensor and conformal
scalar hair.
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1 Introduction
Massive conformal gravity (MCG) was introduced as a model of the massive gravity whose
action consists of the conformally coupled scalar to the Einstein-Hilbert term (CCSE) and
theWeyl term [1, 2]. This action is invariant under conformal transformations. The different
actions including the MCG have been investigated for the other aspects [4, 5, 6, 7, 8, 9].
The MCG might not be a promising model of the massive gravity [2, 3] because one could
not obtain the condition of δR = 0 due to the conformal symmetry. The non-propagation
of the linearized Ricci scalar (δR = 0) is considered as a strong condition to achieve a
massive gravity theory at the linearized level. In this direction, the inclusion of R breaking
conformal symmetry leads to the new massive conformal gravity (NMCG). Excluding the
Weyl term from the NMCG corresponds to a famous action which gives us the BBMB
black hole with a conformal scalar hair [10, 11]. Also, deleting the CCSE in the NMCG
leads to the Einstein-Weyl gravity where a single branch for non-Schwarzschild black holes
with Ricci tensor hair was found recently [12]. Here, it is very important to note that
the appearance of the non-Schwarzschild black hole is closely related to the instability of
Schwarzschild black hole [13, 14, 15, 16].
On the other hand, very recently, infinite scalarized (charged) black holes were ob-
tained from the Einstein-Gauss-Bonnet-Scalar theory [17, 18] (Einstein-Maxwell-Scalar the-
ory [19]) through the coupling of a scalar to the Gauss-Bonnet term (Maxwell term). In
this case, the linearized scalar equation played the important role in determining infinite
branches of the n = 0, 1, 2, · · · scalarized black holes.
In this work, we propose the NMCG as a promising candidate for providing a black
hole with Ricci tensor and conformal scalar hairs. For this purpose, we wish to perform
the stability analysis of the Schwarzschild black hole without hairs by making use of the
Lichnerowicz-Ricci tensor equation (19). Here the linearized scalar equation (17) always
provides stable modes because its potential is positive definite outside the event horizon.
By solving (19) numerically with time-dependence eΩt, the small Schwarzschild black hole
is unstable against the s-mode of Ricci-tensor perturbation under the small mass condition
of 0 < m2 ≤ mth = 0.876r+ for a massive spin-2 mode. Here mth and r+ denote the threshold
mass for instability and the black hole horizon size, respectively. We suggest that the
threshold of instability for Schwarzschild black hole determines the appearance of a non-
BBMB black hole with Ricci tensor and conformal scalar hairs. For m2 = 0.845 < mth, we
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find the non-BBMB black hole solution by solving three equations (32)-(34) numerically.
Importantly, this numerical solution with primary hair is different from the BBMB black
hole solution with secondary hair.
The organization of our work is as follows. In section 1, we introduce the feature of
the NMCG and the BBMB black hole solution obtained in the limit of m22 → ∞. We
review mainly the instability of Schwarzschild black hole without hairs which may imply
the appearance of a non-BBMB black hole with Ricci tensor and conformal scalar hairs
in section 3. In section 4 we derive the non-BBMB black hole solution numerically which
reduces to the BBMB black hole when taking the limit of m22 → ∞. We summarize our
results in section 5.
2 New massive conformal gravity
We begin with the new massive conformal gravity (NMCG) action [2, 3]
SNMCG =
1
16piG
∫
d4x
√−g
[
R− α
(
φ2R + 6∂µφ∂
µφ
)
− 1
2m22
CµνρσCµνρσ
]
, (1)
where the second term corresponds to the CCSE with parameter α and the last one is the
Weyl term with mass parameter m22. Hereafter we choose α = 1 and G = 1 for simplicity.
Excluding the Einstein-Hilbert term from (1) leads to the MCG which is invariant under
the conformal transformations as [1]
gµν → Ω2(x)gµν , φ→ φ
Ω
. (2)
Here Ω(x) is an arbitrary function of the spacetime coordinates. We note that adding the
Einstein-Hilbert term (R) breaks conformal symmetry in the MCG, leading to the NMCG
(1). In this case, the name of NMCG for the action (1) might be misleading because
conformal symmetry is broken. However, we would like to mention that ‘C’ in the NMCG
means ‘conformally coupled scalar to the metric’.
We note that the R+CCSE theory appears as a part of the Horndeski gravity which
is considered as a general scalar-tensor theory with second-order equations [20, 21, 22].
Informing that the Gauss-Bonnet term is a topological surface term in four dimensional
spacetime, a general fourth-order gravity is given by γR−αCµνρσCµνρσ+βR2 [13, 14] which
shows positive-energy spin-2, negative-energy massive spin-2 with mass m22 = γ/2α (ghost),
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and positive-energy massive spin-0 withm20 = γ/6β without tachyons around the Minkowski
spacetime. However, the trace no-hair theorem on its Einstein equation simplifies the
numerical analysis of non-Schwarzschild black hole solutions effectively because requiring
R = 0 (β = 0) could reduce the third-order equation to the second-order equation. This is
the reason why we included the Weyl term in (1) only by choosing β = 0. Considering the
action (1) around the Minkowski spacetime, we have positive-energy spin-2, negative-energy
massive spin-2 with mass m22 (ghost), and a positive-energy massless scalar.
The Einstein equation takes the form
Gµν =
[
φ2Gµν + gµν∇2(φ2)−∇µ∇ν(φ2) + 6∂µφ∂νφ− 3(∂φ)2gµν
]
+
2
m22
Bµν , (3)
where the Einstein tensor is given by Gµν = Rµν − Rgµν/2 and the Bach tensor Bµν is
defined by
Bµν =
(
RµρνσR
ρσ − 1
4
RρσRρσgµν
)
− 1
3
R
(
Rµν − 1
4
Rgµν
)
+
1
2
(
∇2Rµν − 1
6
∇2Rgµν − 1
3
∇µ∇νR
)
. (4)
We note that its trace is zero (Bµ µ = 0).
On the other hand, the scalar equation is given by
∇2φ− 1
6
Rφ = 0. (5)
Taking the trace of (3) together with (5) leads to
R = 0 (6)
which is used to simplify the scalar equation (5) as a massless scalar equation
∇2φ = 0. (7)
It is curious to note that the conformally coupled scalar equation (5) is transformed to the
minimally coupled scalar equation (7) in the NMCG. Importantly, we mention that ‘R = 0’
in (6) will play the crucial role in reducing the third-order equation to the second-order
equation in obtaining the new non-BBMB black hole solution. This is because it is not
easy to solve the higher-order equation more than second-order when imposing appropriate
boundary conditions numerically for a numerical black hole solution. So, the MCG could not
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be a candidate for deriving the non-BBMB black hole solution because of no achievement
for R = 0.
Before we proceed, we introduce the BBMB solution found in the limit of m22 →∞ with
α = 4pi/3 in the NMCG (1). In this case, assuming a spherically symmetric background,
the analytic BBMB solution takes the form as [10, 11]
ds2BBMB = −
(
1− M
r
)2
dt2 +
dr2(
1− M
r
)2 + r2dΩ22, φ˜(r) = ±
√
3
4pi
M
r −M , (8)
where M is the mass of the black hole. This is a famous black hole solution with Ricci
tensor hair and conformal scalar (secondary) hair. This line element is exactly the same
form of the extremal Reissner-Nordstro¨m black hole with Rµν 6= 0, but the conformal scalar
hair blows up at the horizon. To obtain a smooth scalar hair at the horizon, one might
introduce either the cosmological constant as in the MTZ black hole [23] or the bi scalar
tensor theory to find a black hole in asymptotically flat spacetimes [24]. Also, we note
that this scalar hair is not primary but secondary because the scalar φ˜(r) depends on the
black hole mass M which is regarded as the only parameter of the solution, and it does
not carry an independent scalar charge. Furthermore, the BBMB solution does not have a
continuous limit to the Schwarzschild black hole, showing a feature of conformally coupled
scalar to the metric. However, adding the Weyl term to the R+CCSE theory will reveal
a non-BBMB solution with two charges of ADM mass M and scalar charge Qs. In this
case, the conformal scalar hair becomes primary. We emphasize that the Weyl term makes
a shift from the BBMB solution to the non-BBMB solution.
3 Instability of small Schwarzschild black hole
First of all, we would like to mention that what follows is mainly a review of the known
results. Introducing the background ansatz without Ricci-tensor and scalar hairs
R¯µρνσ 6= 0, R¯µν = 0, R¯ = 0, φ¯ = 0, (9)
Eqs.(3) and (7) imply the Schwarzschild black hole solution
ds2Sch = g¯µνdx
µdxν = −f(r)dt2 + dr
2
f(r)
+ r2dΩ22 (10)
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with the metric function
f(r) = 1− r+
r
. (11)
The event horizon is located at r = r+ = 2M . It is worth noting that the Schwarzschild
black hole is also a solution to the R+CCSE theory which admits the BBMB solution.
Let us consider the metric and scalar perturbations around the Schwarzschild black hole
gµν = g¯µν + hµν , φ = 0 + ϕ. (12)
Linearizing (3) around (10) with (9) leads to the linearized Einstein equation
m22δGµν = ∇¯2δGµν + 2R¯ρµσνδGρσ −
1
3
(
∇¯µ∇¯ν − g¯µν∇¯2
)
δR, (13)
which is completely decoupled from the scalar perturbation ϕ because of φ¯ = 0. For the
Schwarzschild black hole with constant scalar hair and its linearization, see Ref. [3]. Here,
the linearized Einstein tensor, Ricci tensor, and Ricci scalar are given by
δGµν = δRµν − 1
2
δRg¯µν , (14)
δRµν =
1
2
(
∇¯ρ∇¯µhνρ + ∇¯ρ∇¯νhµρ − ∇¯2hµν − ∇¯µ∇¯νh
)
, (15)
δR = g¯µνδRµν = ∇¯µ∇¯νhµν − ∇¯2h. (16)
On the other hand, taking into account (7) leads to the linearized scalar equation
∇¯2ϕ = 0 (17)
whose scalar is a propagating wave being free from unstable modes [25]. Taking the trace
of (13) together with (17) implies the non-propagation of linearized Ricci scalar
δR = 0. (18)
It is noted that (18) is confirmed by linearizing R = 0 (6) directly. In case of the MCG, one
could not obtain δR = 0. That is, if one does not break conformal symmetry, one could
not achieve the non-propagation of the linearized Ricci scalar. Substituting δR = 0 into
Eq. (13) leads to the Lichnerowicz-Ricci tensor equation for the linearized Ricci tensor
∇¯2δRµν + 2R¯ρµσνδRρσ = m22δRµν → (∆L +m22)δRµν = 0, (19)
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where ∆L is called the Lichnerowicz operator based on the Schwarzschild black hole back-
ground. We note that Eq.(19) firstly appeared in Ref. [16], but it was solved for the stability
of Schwarzschild black hole correctly in Ref. [15]. We mention that the same expression was
remarked in [13, 14] when explaining the connection between instability of Schwarzschild
black hole and appearance of non-Schwarzschild black hole in the Einstein-Weyl gravity.
It is worth noting that Eq. (19) may describe a massive spin-2 field (5 DOF) propagating
around the Schwarzschild black hole. This is so because δRµν satisfies the transverse and
traceless (TT) condition
∇¯µδRµν = 0, δR = 0, (20)
where the contracted Bianchi identity was used to prove the transverse condition. Further-
more, if one introduces the TT gauge for metric perturbation
∇¯µhµν = 0, h = 0, (21)
one finds the relation δR = 1
2
∆Lhµν . In this case, the Lichnerowicz equation (19) leads to
the fourth-order equation as (
∆L +m
2
2
)
∆Lhµν = 0. (22)
Its general solution is given by a linear superposition of solutions to ∆Lhµν = 0 and the
Lichnerowicz equation for hµν as (
∆L +m
2
2
)
hµν = 0, (23)
which is the same equation obtained for the s-mode of metric perturbation around the
Schwarzschild black hole in the dRGT gravity [26, 27].
In order to understand the origin of the Lichnerowicz equation, we may introduce a
famous model of the five-dimensional black string (BS) [28]
ds2BS = ds
2
Sch + dz
2. (24)
We have perturbation along an extra direction of the z-axis
hMN(t,x, z) = e
ikzeΩ˜t
(
hµν(x) 0
0 0
)
. (25)
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Using the TT gauge condition (21), the linearized equation δRMN = 0 reduces to
∇¯2hµν + 2R¯ρµσνhρσ = k2hµν →
(
∆L + k
2
)
hµν = 0 (26)
which describes a massive spin-2 mode with 5 DOF propagating around the Schwarzschild
black hole. One has found a long wavelength perturbation of 0 < k < kc =
O(1)
r+
along z-
axis, which induces an unstable mode of eΩ˜t. This picture indicates the Gregory-Laflamme
(GL) instability in the BS theory. If one compares (19) with (26), they are exactly the
same when replacing δRµν and m
2
2 by hµν and k
2. This implies that the instability of the
Schwarzschild black hole in the NMCG arose from the massiveness of m22 6= 0 where the
geometry of extra z dimension trades for the mass.
Let us solve the Lichnerowicz equation (19) with δRµν(t,x) = e
ΩtδR˜µν(x). The s(l =
0)-mode in polar sector of Eq.(19) satisfies the Schro¨dinger-type quation with a tortoise
coordinate r∗ =
∫
[dr/f(r)] [27, 13]
d2δR˜l=0µν
dr2∗
−
[
Ω2 + VZ(r)
]
δR˜l=0µν = 0 (27)
where δR˜l=0µν is an s-mode of δR˜µν and the Zerilli potential VZ(r) is given by
VZ(r) = f(r)
[
r+
r3
+m22 −
12r+(r − 0.5r+)m22 + 6r3(2r+ − r)m42
(r+ + r3m22)
2
]
. (28)
All potentials with m2 < mth develop negative region near the horizon, whereas their
asymptotic limits are positive constants (VZ → m22, r → ∞). As is shown in Fig. 1, the
negative region becomes wide and deep as the mass decreases, implying the instability of
Schwarzschild black hole. Solving Eq.(27) with appropriate boundary conditions numeri-
cally, one finds unstable tensor modes from Fig. 2. From Fig. 2, the GL instability mass
bound for s(l = 0)-mode is given by
0 < m2 < mth =
0.876
r+
, (29)
where mth represents the threshold of GL instability: mth = 1.752, 0.876, 0.438 for r+ =
0.5, 1, 2. Here, choosing mth = 0.876 for r+ = rc = 1, we obtain the bound for unstable
small black holes with horizon radius
r+ < rc. (30)
8
m2 =0.99
m2 =0.876
m2 =0.7
m2 =0.5
2 4 6 8 10
r
-0.2
0.2
0.4
0.6
0.8
1.0
VZ(r)
Figure 1: Shapes of Zerilli potential VZ(r) as function of r ∈ [r+ = 1, 10] with four different
mass m2 = 0.99 (stable), 0.876 (threshold), 0.7 (unstable), 0.5 (unstable). All potentials
never approach zero asymptotically because of non-zero mass term m22.
r+=0.5
r+=1
r+=2
0.0 0.5 1.0 1.5 2.0
m20.00
0.05
0.10
0.15
0.20
Ω
Figure 2: Picture for unstable s-modes of Ricci tensor perturbation with three different
horizon radii based on the Schwarzschild black hole. The y[x]-axis represent Ω in eΩt [mass
m2 of massive spin-2 mode]. We read off the thresholds of instability (Ω = 0 for m2 6= 0):
mth =1.752, 0.876, 0.438 for r+ = 0.5, 1, 2.
Also, m2 = mth = 0.876 denotes a bifurcation point which allows a non-BBMB black hole
with Ricci tensor and scalar hairs. Any choice m2 ∈ (0, mth] in the single branch will
provide a non-BBMB black hole with Ricci tensor and scalar hairs in the next section.
Consequently, the instability of Schwarzschild black hole without hairs may imply the
appearance of a non-BBMB black hole with Ricci tensor and conformal scalar hairs. These
black hole solutions do not have to be infinitesimally close to each other except at bifurcation
point where different branches of solutions coalesce.
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4 Non-BBMB black holes
In order to find a new non-BBMB black hole, we introduce a spherically symmetric metric
ds2non−BBMB = gµνdx
µdxν = −A(r)dt2 + dr
2
B(r)
+ r2dΩ22 (31)
with conformal scalar φ(r). Comparing with the BBMB case (8), we prefer to choose
A(r) 6= B(r) for a numerical solution.
Before we proceed, we mention that the BBMB black hole with A = B is the unique
static, asymptotically flat solution of the R+CCSE theory [29]. A conformally coupled
scalar on the solution geometry plays the role of an electric charge at extremality. However,
one knows an open problem which could be resolved numerically determining the exact
nature of this solution [30]. In this work, we will obtain the BBMB black hole numerically,
starting from the R+CCSE theory and (31).
Plugging (31) with φ(r) into (3) and (7), one finds three equations initially: (t, t) →
fourth-order equation; (r, r) → third-order equation; (θ, θ) → fourth-order equation with
second-order equation for scalar. A reducing mechanism of third-order to second-order
is performed by using (r, r)-equation together with R = 0 to arrive at a reduced (r, r)-
equation. The three second-order equations of R = 0,∇2φ = 0, and the reduced (r, r)-
equation are given by
r2BA′2 − 4A2(−1 +B + rB′)− rA[rA′B′ + 2B(2A′ + rA′′)]
2r2A2
= 0, (32)
φ′′ +
(2
r
+
B′
2B
+
A′
2A
)
φ′ = 0, (33)
(−2A + rA′)B′′ + [4A
2(−1 +B) + 2rAA′B + r2A′2B]B′
2rAB
+
3AB′2
2B
+
3r2AA′2B2 − r3A′3B2 + 2m22[2r3A2A′B + (−1 + φ2 + 2φφ′)]
2r2A2B
(34)
+
2m22A
(
2B2
m2
2
+ r2(1− φ2) +B[ 2
m2
2
− r2 + r2φ2 + 4r3φφ′ + 3r4φ′2]
)
r2B
= 0.
Considering the event horizon at r = r+, one suggests an approximate solution [A(r), B(r),
ψ(r) = 1/φ(r)] to the above equations in the near-horizon limit
A(r) =
∞∑
i=2
Ai(r − r+)i, B(r) =
∞∑
i=2
Bi(r − r+)i, ψ(r) =
∞∑
i=1
ψi(r − r+)i, (35)
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where the first four coefficients are given by
A2, A3 =
2(−4 + r2+ψ21)A2
3r+
, A4 =
(41− 19r2+ψ21 + 5r4+ψ41)A2
9r2+
,
A5 =
[−874− 267r4+ψ41 + 70r6+ψ61 + 9r2+ψ21(59− 18ψ
2
1
m2
2
)]A2
135r3+
,
B2 =
1
r2+
, B3 = −
2(2 + r2+ψ
2
1)
3r3+
, B4 =
5 + 5r2+ψ
2
1 − r4+ψ41
3r4+
,
B5 =
−86 + 27r4+ψ41 − 10r6+ψ61 − 3r2+ψ21(37− 54ψ
2
1
m2
2
)
45r5+
, (36)
ψ1, ψ2 =
(−1 + r2+ψ21)ψ1
3r+
, ψ3 =
2(−1 + r2+ψ21)2ψ1
9r2+
,
ψ4 =
[−44− 117r4+ψ41 + 50r6+ψ61 + 3r2+ψ21(37− 54ψ
2
1
m2
2
)]ψ1
270r3+
,
where A5 B5, and ψ4 include the mass term m
2
2. Here, we introduce ψ = 1/φ-expansion
because φ blows up at the horizon.
In case of m22 → ∞, we find relations ψ1 = 1/r+ and A2 = 1/r2+ from Table 1. We
recover the series form for the BBMB solution (8) in the near-horizon limit
A(r) = B(r) =
(r − r+)2
r2+
− 2(r − r+)
3
r3+
+
3(r − r+)4
r4+
− 4(r − r+)
5
r5+
+ · · · ,
→
[(
1− r+
r
)2]
r=r+
, (37)
ψ(r) =
(r − r+)
r+
.
Here we choose α = 1 for scalar normalization, compared to the BBMB case of α = 4pi/3.
So, it is worth noting that the new solution with hairs is based on the BBMB solution
not the Schwarzschild solution (10). In our theory of the NMCG, two free parameters A2
and ψ1 will be determined when matching (35) with the following asymptotic solution for
r ≫ r+:
A(r) = 1− 2M
r
+
Q2s
r2
+
Q2s(−M2 +Q2s + 6m2
2
)
3r4
+ · · · ,
B(r) = 1− 2M
r
+
Q2s
r2
+
2Q2s(−M2 +Q2s + 6m2
2
)
3r4
+ · · · , (38)
φ(r) =
Qs
r
+
MQs
r2
+
Qs(4M
2 −Q2s)
3r3
+
MQs(2M
2 −Q2s)
r4
+ · · · .
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ln r0.0
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ϕ(r)
ϕ
˜
(r)
0 1 2 3 4
ln r0
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Figure 3: Plots of a non-BBMB black hole with m2 = 0.845 and Qs = 0.55 in the single
branch of m2 ∈ (0, mth] in the NMCG. (Left) Metric function A(r) and δ(r) = ln[B/A]/2
and the green dotted line represents asymptotic limit of A(r)→ 1. For the BBMB solution,
one finds δ(r) = 0 because of A = B. (Right) Scalar hairs for non-BBMB φ(r) and BBMB
φ˜(r) in (8) for ln r ∈ [0, 4].
In case of m22 → ∞, we obtain a relation M = Qs from Table 1. One finds the BBMB
solution (8) for r ≫M as
A(r) = B(r) =
(
1− M
r
)2
, φ(r) =
M
r
+
M2
r2
+
M3
r3
+
M4
r4
+ · · · =
[ M
r −M
]
r≫M
. (39)
r+ ψ1 A2 M Qs
0.5 2.000 4.000 0.5000 0.5000
0.75 1.3333 1.7778 0.7500 0.7500
1 1.000 1.004 1.0002 0.9999
1.25 0.8000 0.6400 1.2504 1.2500
1.5 0.6667 0.4445 1.5000 1.5008
Table 1: BBMB solution for different r+ appears in the limit of m
2
2 → ∞. Here, we read
off relations ψ1 = 1/r+ and A2 = 1/r
2
+ in the near-horizon limit and M = Qs for r ≫ r+.
At this stage, it is emphasized that the BBMB solution is obtained numerically from
the R+CCSE theory (m22 →∞ limit of the NMCG theory).
Any choice of mass m2 less than mth belonging to the single branch is allowed for
getting any non-BBMB solution because it gives negative potential outside the horizon as
shown in (28) and Fig. 1, implying the instability of Schwarzschild black hole. Choosing
r+ =M = 1 and m2 = 0.845 < mth = 0.876, we obtain the non-BBMB black hole solution
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with A2 = 0.635,ψ1 = 1.335, and Qs = 0.55 which are different from those in the BBMB
(See Fig. 3). A choice ofm2 = 0.845 is nothing special and it is introduced for computation.
We wish to call this numerical black hole as the non-BBMB black hole solution by
focusing on the role of Weyl term. This is because the presence of Weyl term in the
Einstein-Weyl gravity shifts from the (analytic) Schwarzschild black hole to the (numerical)
‘non’-Schwarzschild black hole [12]. Here the BBMB black hole is an analytic solution to
the NMCG without Weyl term, while the ‘non’-BBMB black hole is a numerical solution to
the NCMG (1). It is clear that the Weyl term shifts from the BBMB solution to the non-
BBMB solution. In the non-BBMB solution, the conformal scalar hair is primary because
the scalar charge is given independently by Qs = 0.55, compared to the secondary scalar
hair (Qs =M) in the BBMB solution. Any numerical solutions are allowable for any choice
of m2 ∈ (0, mth] in the single branch. We find from the non-BBMB solution that Rµν 6= 0
and φ(r) 6= 0, implying the Ricci tensor and conformal scalar hairs. However, the conformal
scalar blows up at the horizon, as in the BBMB solution.
5 Discussions
It is well known that the R+CCSE theory implies the famous BBMB solution with con-
formal scalar hair, whereas the Einstein-Weyl gravity has indicated the non-Schwarzschild
solution with the Ricci tensor hair. Even though the first corresponds to an analytic so-
lution and the latter is a numerical solution, the condition of R = 0 played the important
role in deriving the black hole solutions in both theories. In this work, we have shown that
the BBMB solution is obtained numerically from the R+CCSE theory.
In the NMCG theory of R+CCSE+Weyl term, we have firstly performed the stability
analysis of the Schwarzschild black hole without hair by making use of the Lichnerowicz-
Ricci tensor equation because the linearized scalar equation always provides stable modes.
The small Schwarzschild black hole is unstable against the s-mode of Ricci tensor pertur-
bation under the condition of 0 < m2 ≤ 0.876r+ .
The instability of Schwarzschild black hole without hair determines the appearance of
the non-BBMB black hole with Ricci tensor and conformal scalar hairs. For a choice of
m2 = 0.845 ∈ (0, mth = 0.876], we have found the non-BBMB black hole with Ricci tensor
and conformal scalar hairs numerically. We note that any numerical solutions are available
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for any m2 ∈ (0, mth] in the single branch. In deriving the solution, the condition of R = 0
played the important role in reducing the third-order equation to the second-order one. We
wish to mention that the non-BBMB solution carries two charges of ADM mass M and
scalar charge Qs, and the conformal scalar hair is primary. However, the conformal scalar
hair blows up at the horizon, like the BBMB solution. Thus, in order to cure it, one may
introduce either the cosmological constant to obtain a regular scalar hair as in the MTZ
black hole [23] or the bi scalar tensor theory to find a black hole with a regular scalar hair
in asymptotically flat spacetimes [24].
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